Chapter 8 Covariance and Correlation
In this chapter, we will look at one of two methods of analyzing the extent to which two
random variables, say X and Y, are linearly related. These two methods are related to each
other. The first method is called correlation and the second method is called simple linear
regression. Thus, if we have two random variables X and Y, we can ask what is the
correlation between X and Y, and we can also ask what is the linear regression of Y on X.
The answers to the two questions are connected mathematically. You can discuss
correlation or linear regression, but in fact you are discussing the same thing. They are two
sides of the same coin.
In earlier chapters, we consider a single random variable. Associated with this random
variable, X, was a function called a pdf, f(s). The pdf is always nonnegative and sums to 1.
Now we have two random variables. These two random variables, X and Y, share a pdf.
We can write this pdf as f(s,w). The same conditions hold for this joint pdf. It must be
nonnegative and it must sum to zero when summed (or integrated) over both s and w. The
theoretical or population means can be easily written as

E[ X ] = ∫ ∫ sf ( s, w)dsdw and E[Y ] = ∫ ∫ wf ( s, w)dsdw
and the theoretical or population variances can be written similarly as
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Now these calculations may look scary, but they are not really so bad. The double integral
signs tell us that we are no longer adding up along a single dimension. We are now adding
up along two dimensions – one corresponding to X and one corresponding to Y. Intuitively,
E[X] and E[Y] tell the position where most of the probability of X and Y is located.
Similarly, the variances tell how much the probability of X and Y are spread out in the two
directions from the point (E[X], E[Y]). Once again, these “moments about the mean” are
simply numbers that crudely describe a surface, i.e. the bivariate pdf – which is of course
difficult to do since the bivariate surface is infinitely many points and can be shaped in
infinitely many ways.
The introduction of two random variables at the same time allows us to create a new
measure of the linear relation between these two. The measure is called the correlation
coefficient of X and Y. However, to get this measure we must first add one more interesting
measure called the covariance. Remember that the variance is the expectation of the
squared deviation of the random variable about its mean
var(
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We can generalize this idea by writing the covariance of X and Y as

cov( X , Y ) =E[( X − E[ X ])(Y − E[Y ])] =∫ ∫ ( s − E[ X ])( w − E[Y ]) f ( s, w)dsdw

Notice how that if Y = X then the covariance of Y and X is simply the variance of X. The
covariance of Y and X is measuring the extent to which the X and Y vary linearly with
each other. That is, when one goes up, does the other go up, down, or no change, in a
probabilistic or expectational way. Also, is this variation between them like a line – is it
linear. You should be able to see that covariance is incredibly important in modeling real
world phenomena.
How might X and Y co-vary? If they have no relation at all, then we would expect that the
covariance would be zero. In fact, if X and Y are statistically independent, the covariance
will be zero. 1 If Y goes down when X goes up, then the covariance will be negative (an
inverse relation). If Y goes up when X goes up, then the covariance will be positive (a
direct relation).
Below, we have a very clear set of graphs that show nine bivariate normal joint pdfs. 2 As
you can see, each of these joint pdfs is an example of a joint pdf for random variables X
and Y. They have been graphed assuming normality of the random variables X and Y.
However, they are quite different. They progress from northwest to southeast as negative,
zero, and positive covariance random variables, respectively. The volumes below

these pdfs measure the probability of X and Y being in a particular region. Note how that,
in a probabilistic way, the top left and bottom right sub-graphs show a definite systematic
and linear relation between X and Y. The top left is a negatively sloped probability relation,
while the bottom right has a positive probability relation. However, the middle three graphs
do not seem to favor a negative or positive relation between X and Y – they have a near
zero covariance.
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The converse of this statement is not true in general, but will be true if the two random variables are
normal random variables. Zero correlation implies statistical independence when the two variables are
normally distributed.
2
See http://advan.physiology.org/content/34/4/186

Now, let’s turn to correlation. We define correlation by using three things – the covariance
of X and Y, the variance of X and the variance of Y. This is a theoretical object we are
defining. It is calculated using the pdf only – no data need be used. The correlation
coefficient is defined as
cov( X , Y )
var( X ) var(Y )

ρX ,Y =

It is not hard to show that this measure lies between -1 and 1. It is equal to zero if and only
if the cov(X,Y) = 0. The correlation coefficient is an unknown number. It is related to the
p,arameters in a joint pdf between X and Y, but make no mistake about it, it is still just a
fixed number.
Now, how might we go about estimating this correlation coefficient? That is, if we have
observed data on X and Y, how can we use this data to guess the unknown theoretical
number, ρ X ,Y ? And, is it possible to test whether the unknown correlation coefficient, ρ X ,Y ,
is equal to zero? These are two important questions – the first is a problem of estimation,
while the second is a problem of hypothesis testing.
To estimate the correlation coefficient, we merely estimate the components that make up
the correlation coefficient; namely, the covariance and the two variances. Here is how we
estimate these
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The estimated correlation coefficient can now be calculated as
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Note how that N-1 cancels out in the numerator and denominator. It is important to realize
that this is not the correlation coefficient. It is the estimated correlation coefficient. The
real correlation coefficient is theoretical. It is unknown and it is unknowable. Even with
millions of observations on X and Y we could not be sure of the real value of the correlation
coefficient. The estimated coefficient uses a sample, and the error between the real and
estimated coefficient is called the sampling error. There will always be some sampling
error in our estimate. However, the way we have decided to estimate the correlation

coefficient will make this sampling error (theoretical – estimated) smaller in larger samples.
This is why statisticians always want more data.
Next, testing the hypothesis Ho: ρ X , Y = 0 is actually very complicated. The problem is that
in order to carry out the steps of the Neyman-Pearson method, we need to know the pdf of
the test statistic ρˆ X , Y under the assumption that Ho is true. Research on this question began
in the early 20th century. It was shown that if X and Y are bivariate normal random variables,
then the following is true.
Tˆ = ρˆ X , Y

N −2
1 − ρˆ X2 ,Y

has the symmetric Student's t-distribution with N-2 degrees of freedom where we assume
Ho is true. It will be approximately true even if the variables are not bivariate normal.
We can now find the 0.05 critical values of this t-density by looking at a table of the tdistribution, shown on the next page. With N = 30 observations, the degrees of freedom
are df = N-2 = 28 and the 0.05 critical values are therefore equal to -2.04841 and 2.04841.
These two critical values correspond to -0.36 and 0.36 for ρˆ X , Y . Thus, if the measured
value of | ρˆ X , Y | > 0.36 then we should reject the null hypothesis that ρ X , Y = 0 . This is
how we often test if two variables have a statistically significant correlation between them.
Problems:
(P1) Why do we need two random variables to discuss correlation?
(P2) If the covariance between X and Y is positive, then the correlation must be positive.
Explain
(P3) What is a "joint" pdf for random variables X and Y?
(P4) What three things are used when we estimate the correlation coefficient from data?
(P5) The correlation coefficient and estimated correlation coefficient are different.
Explain.
(P6) Suppose we have the following data
t: 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 = N
x: 1 3 6 2 4 2 4 6 5
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Now estimate the sample means of X and Y, the sample variances of X and Y, the sample
covariance of X and Y, the sample correlation coefficient, and test the hypothesis
Ho: ρ = 0. You may use Excel.

